1 . Let (R, m) be a Noetherian local ring, I an ideal of R and N a finitely generated R-module. Let k≥ − 1 be an integer and r = depth k (I, N ) the length of a maximal N -sequence in dimension > k in I defined by M. Brodmann and L. T. Nhan (Comm. Algebra, 36 (2008Algebra, 36 ( ), 1527Algebra, 36 ( -1536. For a subset S ⊆ Spec R we set S ≥k = {p ∈ S | dim(R/p)≥k}. We first prove in this paper that Ass R (H j I (N )) ≥k is a finite set for all j≤r . Let N = ⊕ n≥0 N n be a finitely generated graded R-module, where R is a finitely generated standard graded algebra over R 0 = R. Let r be the eventual value of depth k (I, N n ). Then our second result says that for all l≤r the sets j≤l Ass R (H j I (N n )) ≥k are stable for large n.
Introduction
Let (R, m) be a Noetherian local ring, I an ideal of R and N a finitely generated R-module. In 1990, C. Huneke [11, Problem 4] asked whether the set of associated primes of H j I (N ) is finite for all finitely generated modules N and all I. Affirmative answers were given by Huneke-R.Y. Sharp [12] and G. Lyubeznik [16] for equicharacteristic regular local rings. Although, A. Singh [20] and M. Katzman [13] provided examples of finitely generated modules having some local cohomology modules with infinite associated prime ideals, the problem is still true in many situations, such as [4] , [14] , [16] , [17] , [19] . However, little is known about the finiteness of Ass R (H j I (N )). Brodmann-L.T. Nhan introduced the notion of N -sequence in dimension > k in [5] : Let k be an integer with k ≥ −1. A sequence x 1 , . . . , x r of elements of m is called an N -sequence in dimension 1 Key words and phrases: associated prime, local cohomology, generalized local cohomology, N -sequence in dimension > k. 2000 Subject Classification: 13D45, 13D07, 13C15 a E-mail: ntcuong@math.ac.vn b E-mail: nguyenvanhoang1976@yahoo.com > k if x i / ∈ p for all p ∈ Ass R (N/(x 1 , . . . , x i−1 )N ) with dim(R/p) > k and all i = 1, . . . , r. They also showed that every maximal N -sequence in dimension > k in I has the same length. This common length is denoted by depth k (I, N ). Note that depth −1 (I, N ) is just depth(I, N ), depth 0 (I, N ) is the filter depth f-depth(I, N ) defined by R. Lü-Z. Tang [15] , and depth 1 (I, N ) is the generalized depth gdepth(I, N ) defined by Nhan [19] . Let S be a subset of Spec(R) and k ≥ −1 an integer. We set S ≥k = {p ∈ S | dim(R/p) ≥ k}. The first main result of this paper is to prove the following theorem. Theorem 1.1. Let (R, m) be a Noetherian local ring, I an ideal of R and N a finitely generated R-module. Let k be an integer with k ≥ −1 and r = depth k (I, N ). If r < ∞ and x 1 , . . . , x r is an N -sequence in dimension > k in I, then for any integer j ≤ r the set Ass R (H j I (N )) ≥k is finite. Moreover, we have
for all l ≤ r.
Let R = ⊕ n≥0 R n be a finitely generated standard graded algebra over R 0 = R and ⊕ n≥0 N n a finitely generated graded R-module. In 1979, M. Brodmann [2] had proved that the set Ass R (N n ) is stable for large n. Based on this result he showed in [3, Theorem 2 and Proposition 12] that the integer depth(I, N n ) takes a constant value for large n. We generalized this last one in [8] and showed that depth k (I, N n ) takes a constant value r k for large n. Moreover, in [8] , we also prove that the set j≤r1 Ass R (H j I (N n )) ∪ {m} is stable for large n, where r 1 is the stable value of depth 1 (I, N n ) for large n. Then the second main result of this paper is the following theorem. Theorem 1.2. Let (R, m) be a Noetherian local ring and I an ideal of R. Let R = ⊕ n≥0 R n be a finitely generated standard graded algebra over R 0 = R and N = ⊕ n≥0 N n a finitely generated graded R-module. For each integer k ≥ −1, let r be the eventual value of depth k (I, N n ). Then for each integer l ≤ r the set j≤l Ass R (H j I (N n )) ≥k is stable for large n. For two finitely generated R-modules M and N , J. Herzog [10] defined the generalized local cohomology module H j I (M, N ) of M and N with respect to I by
It is clear that if M = R, H j I (R, N ) is just the ordinary local cohomology module H j I (N ) of N with respect to I. Therefore all questions about local cohomology modules discussed above can be asked for generalized local cohomology modules. Thus, to prove the two theorems above, we will show in this paper the generalizations of them for generalized local cohomology. Let us explain the organization of the paper. In the next section, we present auxiliary results on generalized local cohomology modules, the maximal length of an N -sequence in dimension > k in certain ideals of R and relationships between them. In Section 3, we show a generalization of Theorem 1.1 for generalized local cohomology modules (Theorem 3.1). As consequences, we get again one of main results [19 
Generalized local cohomology module
Throughout this paper we use following notations: we denote by (R, m) a Noetherian local ring with the maximal ideal m, and M , N finitely generated R-modules; let S be a subset of Spec R and k ≥ −1 an integer, we set S ≥k = {p ∈ S | dim(R/p) ≥ k} and S >k = {p ∈ S | dim(R/p) > k}; for an ideal I of R, I M is the annihilator of the R-module M/IM .
We first recall the notion of generalized local cohomology module defined by Herzog in [10] . 
It is clear that H j I (R, N ) is just the ordinary local cohomology module H j I (N ) of N with respect to I. On the other hand, Ext-modules can be also determined in many cases by generalized local cohomology modules.
The following definition of a generalization of regular sequences is introduced by Brodmann-Nhan in [5, Definition 2.1].
It is clear that x 1 , . . . , x r is an N -sequence in dimension > −1 if and only if it is a regular sequence of N ; and x 1 , . . . , x r is an N -sequence in dimension > 0 if and only if it is a filter regular sequence of N introduced by P. Schenzel, N. V. Trung and the first author in [9] . Moreover, x 1 , . . . , x r is an N -sequence in dimension > 1 if and only if it is a generalized regular sequence of N defined by Nhan in [19] . (ii) Note that every maximal N -sequence in dimension > k in an ideal I has the same length, this common length is denoted by depth k (I, N ) (see [8] ). Furthermore, depth −1 (I, N ) is the usual depth depth(I, N ) of N in I, depth 0 (I, N ) is the filter depth f-depth(I, N ) of N in I denoted by Lü-Tang in [15] , and depth 1 (I, N ) is just the generalized depth gdepth(I, N ) of N in I defined by Nhan [19] .
where we use the convention that inf(∅) = ∞.
The following two results are useful in the sequel. 
Proof of Theorem 1.1 and its consequences
The following theorem for generalized local cohomology modules implies Theorem 1.1 when M = R. Theorem 3.1. Let (R, m) be a Noetherian local ring, I an ideal of R and M, N finitely generated R-modules. Let k be an integer with k ≥ −1 and r = depth k (I M , N ). If r < ∞ and x 1 , . . . , x r is an N -sequence in dimension > k in I M , then for any integer l ≤ r we have
for all j < j 0 . Since x 1 /1, . . . , x j0 /1 is a filter regular sequence of N p by Lemma 2.5 and the hypothesis of x 1 , . . . , x j0 , it follows that x 1 /1, . . . , x j0 /1 is a regular sequence of N p , and so depth((
by Lemma 2.6, and hence we obtain that depth((I M ) p , N p ) = j 0 . This yields by Lemma 2.7 that
Conversely, for any p ∈ j≤l Ass R (N/(x 1 , . . . , x j )N ) ≥k ∩V (I M ), there is an integer e ≤ l such that p ∈ Ass R (N/(x 1 , . . . , x e )N ) and p / ∈ Ass R (N/(x 1 , . . . , x j )N ) for all j < e. So pR p / ∈ Ass Rp ((N/(x 1 , . . . , x j )N ) p ) for all j < e. Hence
for all j < e. Therefore x 1 /1, . . . , x e /1 is a regular sequence of N p , and so that depth (M, N ) ). This implies that
and the theorem follows. Then the corollary follows from the fact that the set on the left hand of the equality is independent of the choice of n 1 , . . . , n r .
Setting k = 1 in Corollary 3.2 we get the following corollary which covers Theorem 3.1 of [19] . Let j ≥ 0, t > 0 be integers. Let a = (a 1 , . . . , a s ) be elements of R and t = (t 1 , . . . , t s ) an s-tuple of positive integers. For an ideal I we set
Then we get the following relation between these sets.
Corollary 3.5. Let k ≥ −1 be an integer, I an ideal of R and r = depth k (I, N ). If r < ∞ and x 1 , . . . , x r is an N -sequence in dimension > k in √ I. Then, for any system of generators a 1 , . . . , a s of I and all integer l ≤ r, we have
for all t ∈ N and all t ∈ N s . In particular, for any integer j ≤ r the sets t∈N T j (I t , N ) ≥k and t∈N s T j (a t , N ) ≥k are contained in the finite set
Proof. Since 
for all l ≤ r, and the corollary follows. . . , x r is at the same time a permutable N -sequence in dimension > k and a permutable I-filter regular sequence in I, then these sets are contained in the finite set
where
In fact, since the equality in Corollary 3.5 do not depend on t and t, thus for any j ≤ r the sets t∈N T j (I t , N ) ≥k and t∈N s T j (a t , N ) ≥k are contained in the
This shows that Corollary 3.5 covers Theorem 1.1 of [5] . Moreover, let p ∈ T j (I t , N ) ≥k ∪ T j (a t , N ) ≥k for some t, t. If dim(R/p) = k then p belongs to the set ( * ) by Corollary 3.5. If dim(R/p) ≥ k + 1 then depth(I p , N p ) = r. Therefore j = r in this case, and so p ∈ T r (I, N ). Since Ext (N/(x 1 , . . . , x r )N ) ≥k+1 . Thus Corollary 3.5 also covers Theorem 1.2 of [5] for local rings without the assumption that x 1 , . . . , x r is at the same time a permutable N -sequence in dimension > k and a permutable I-filter regular sequence in I.
Proof of Theorem 1.2 and its consequences
In this section we always denote by R = ⊕ n≥0 R n a finitely generated standard graded algebra over R 0 = R and N = ⊕ n≥0 N n a finitely generated graded R-module. Firstly, we recall two results on the asymptotic stability of associated prime ideals [2] (see also [18 (I, N n ) is independent of n for large n.
In view of Lemma 4.2, if r = depth k (I, N n ) for all large n then we call that r is the eventual value of depth k (I, N n ).
Lemma 4.3. Let k be an integer with k ≥ −1 and r the eventual value of depth k (I, N n ). Assume that 1 ≤ r ≤ ∞. Then there exists a sequence x 1 , . . . , x r in I which is an N n -sequence in dimension > k for all large n.
Proof. Let r ≥ 1 be the eventual value of depth k (I, N n ). By Lemma 4.1 we can choose x 1 ∈ I such that x 1 / ∈ p for all p ∈ Ass R (N n ) >k and all large n. Then depth k (I, N n /x 1 N n ) = r − 1 for all large n. By the induction assumption, there exists a sequence x 2 , . . . , x n ∈ I to be an N n /x 1 N n -sequence in dimension > k for all large n. Thus x 1 , . . . , x r is the sequence as required.
Proof of Theorem 1.2. Theorem 1.2 follows immediately from the following theorem when M = R. Theorem 4.4. Let (R, m) be a Noetherian local ring, I an ideal of R and M finitely generated R-module. Let R = ⊕ n≥0 R n be a finitely generated standard graded algebra over R 0 = R and N = ⊕ n≥0 N n a finitely generated graded Rmodule. For each integer k ≥ −1, let r be the eventual value of depth k (I M , N n ). Then for each integer l ≤ r, the set
is finite and stable for large n.
Proof. Let r be the eventual value of depth k (I M , N n ). We need to show that for any integer l ≤ r the set j≤l Ass R (H j I (M, N n )) ≥k is finite and stable for large n.
By Lemmas 4.1 and 4.2, we can find a large integer t such that Ass R (N n /I M N n ) is stable and r = depth k (I M , N n ) for all n ≥ t. Set d = dim(N t /I M N t ). We consider three cases as follows. 
since the set Ass R (N n /I M N n ) ≥d only consists of all minimal elements with dim(R/p) = d. Hence
therefore X is finite by Lemma 4.1. Thus we can take t sufficiently large such that for each p ∈ X then
for infinitely many n ≥ t. Now for each p ∈ X we set s to be the eventual value of depth((
Moreover, by the definition of X, it implies that s ≤ l. Hence p is a minimal element of Supp R (H s I (M, N n )), and so that
is finite and stable for all n ≥ max{n(p) | p ∈ X}.
is finite and stable for large n by Lemma 4.1. Assume that 1 ≤ l ≤ r. In this case, by Lemma 4.3, there exists a sequence x 1 , . . . , x r in I M which is an N n -sequence in dimension > k for all n ≥ u for some integer u ≥ t. By Theorem 3.1, we get the following equality
for all n ≥ u. Therefore we conclude by Lemma 4.1 that the following set (ii) For each integer l 0 ≤ r 0 the set j≤l0 Ass R (H j I (M, N n )) is finite and stable for large n.
(iii) For each integer l 1 ≤ r 1 the set j≤l1 Ass R (H j I (M, N n )) ∪ {m} is finite and stable for large n. For an integer j ≥ 0, an ideal I of R, a system a = (a 1 , . . . , a s ) of elements of R, and a s-tuple t = (t 1 , . . . , t s ) ∈ N s , as in the previous section we set 
